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The Šafarevič-Tate group in cyclotomic Zp-extensions at
supersingular primes
Florian Sprung (“ian")
Abstract
We study the asymptotic growth of the p-primary component of the Šafarevič-Tate
group in the cyclotomic direction at any odd prime of good supersingular reduction,
generalizing work of Kobayashi. This explains formulas obtained by Kurihara, Perrin-
Riou, and Nasybullin in terms of Iwasawa invariants of modified Selmer groups.
1. Introduction
While the Šafarevič-Tate group came about when shedding the light of cohomology on the arith-
metic of elliptic curves, it has also created new mysteries. One of them is its size, which we
know to be finite over Q only when the analytic rank is 0 or 1, although this hasn’t stopped
mathematicians from incorporating it into the conjecture of Birch and Swinnerton-Dyer (BSD).
Another mystery is how the size should behave as one varies the number field at hand. In the
1970’s, Mazur initiated an answer to this question in the case of Zp-extensions when p has good
ordinary reduction - comparing favorably to versions of BSD along these Zp-extensions.
The supersingular case (where p divides ap = p + 1 − #E(Fp)) has different growth pat-
terns and was treated by Kurihara [Ku02] under certain assumptions in the case of cyclotomic
Zp-extensions, but it was Perrin-Riou [PR03] who discovered a general growth pattern for cyclo-
tomic Zp-extensions involving two pairs of (unspecified) constants. Natural questions to ask are:
Why does this growth pattern occur? Where do her constants come from? Kobayashi [Ko03] has
explained each pair of constants under the assumption ap = 0 as algebraic Iwasawa invariants of
his two modified Selmer groups. His work compared favorably to the formulas of Pollack [Po03]
(who also assumed ap = 0) of special values of L-functions involving analytic Iwasawa invariants.
The general supersingular case, however, has seemed less amenable to analysis so far. In this
paper, we give three possible growth formulas (which illlustrates the difficulty for the case ap 6= 0)
involving algebraic Iwasawa invariants coming from two modified Selmer groups introduced in
earlier work [Sp1] (think of them as Selmer groups coming from “half" the local points): In one of
the formulas, Perrin-Riou’s two pairs of constants do indeed come from the two pairs of Iwasawa
invariants (which happens for example when ap = 0, where we obtain Kobayashi’s formula). The
other two formulas involve just one pair of Iwasawa invariants - the Šafarevič-Tate group is modest
and chooses whichever pair makes it grow more slowly.
We also generalize Perrin-Riou’s work to give the growth pattern of the Šafarevič-Tate group
in the tower of number fields obtained by adjoining all p-power roots of unity to Q. A growth
formula for this tower had been announced by Nasybullin [Na77] in the 1970’s, but no proofs
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were given. The results in this paper compare favorably with formulas on the analytic side, which
appear in a twin paper [Sp2] to this one.
More concretely, let E be an elliptic curve over Q and p an odd prime of good reduction,
and let ζpn+1 be a primitive pn+1-th root of unity. We consider the cyclotomic Zp-extension of
Q, i.e. the tower Q = Q0 ⊂ Q1 ⊂ · · · ⊂ Qn ⊂ · · · ⊂ Q∞ =
⋃
n Qn, where Qn is the subfield of
Q(ζpn+1) so that Gal(Qn/Q) ∼= Z/pnZ. Denote the Galois group of the entire cyclotomic extension
by Γ := Gal(Q∞/Q) ∼= Zp and define the Šafarevič-Tate group at level n:
X(E/Qn) := ker
(
H1(Qn, E)→
∏
v
H1(Qn,v, E)
)
,
where v ranges over all places of Qn. Assume for the rest of the paper that the p-primary com-
ponent of X(E/Qn) is finite, and denote its size by pen := #X(E/Qn)[p∞].
When p is ordinary, i.e. p ∤ ap = p+ 1−#E(Fp), Mazur discovered that
en − en−1 = (pn − pn−1)µ+ λ− r∞ for n≫ 0,
which is an analogue of a classical result by Iwasawa on the p-part of the class number of Qn.
Here, r∞ is the rank of E(Q∞) (which is finite by theorems of Kato [Ka04] and Rohrlich [Ro84]
even when p is supersingular), and µ and λ are the Iwasawa invariants of the Pontryagin dual of
the p-primary Selmer group Selp(E/Q∞) over Q∞. This is the following kernel:
Selp(E/Q∞) := ker
(
H1(Q∞, E[p
∞])→
∏
v
H1(Q∞,v, E[p
∞])/E(Q∞,v)⊗ Qp/Zp
)
.
This relates to (the residue part of) the Birch and Swinnerton-Dyer conjecture for E(Qn), denoted
BSDpn , as follows: This BSDpn states that #X(E/Qn) should equal
shan := lim
s→1
L(E/Qn, s)
(s− 1)r′n
#Etors(Qn)
2
√
D(Qn)
ΩE/QnR(E/Qn)Tam(E/Qn)
,
where D(Qn) is the discriminant, R(E/Qn) the regulator, Tam(E/Qn) the product of the Tama-
gawa numbers, ΩE/Qn the real period and r
′
n the order of vanishing of L(E/Qn, s), conjecturally
equal to the rank of E(Qn). Now we know by Rohrlich [Ro84] that r′∞ = limn→∞ r
′
n exists. When
p is ordinary, one can then show that
ordp(shan)− ordp(shan−1) = (pn − pn−1)µan + λan − r′∞ for n≫ 0,
where the integers µan and λan are Iwasawa invariants of the p-adic L-function associated to the
elliptic curve. The Iwasawa Main Conjecture would imply that µan = µ and λan = λ, thereby
proving the p-part of BSDpn for all n > N provided the p-part of BSDpN is true for some large
N . A proof of the Iwasawa Main Conjecture has been given by Skinner and Urban [SU].
The main result of this paper is the following.
Main Theorem 1.1. Let p be an odd supersingular prime, i.e. p|ap. Assuming thatX(E/Qn)[p∞]
is finite, let pen := #X(E/Qn)[p∞], and let r∞ be the rank of E(Q∞). Further, put
q♯n :=
{
pn−1 − pn−2 + pn−3 − pn−4 + · · ·+ p2 − p if n is odd,
pn − pn−1 + pn−2 − pn−3 + · · ·+ p2 − p if n is even.
q♭n :=
{
pn − pn−1 + pn−2 − pn−3 + · · · − p2 + p− 1 if n is odd,
pn−1 − pn−2 + pn−3 − pn−4 + · · ·+ p− 1 if n is even.
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Then there are integer invariants µ♯, λ♯, µ♭, λ♭ so that for n≫ 0,
en − en−1 =
{
(pn − pn−1)µ♯ + λ♯ − r∞ + q♯n if n is even
(pn − pn−1)µ♭ + λ♭ − r∞ + q♭n if n is odd
when ap = 0 or µ♯ = µ♭, and
en − en−1 = (pn − pn−1)µ∗ + λ∗ − r∞ + q∗n
when ap 6= 0 and µ♯ 6= µ♭, where ∗ ∈ {♯, ♭} is chosen so that µ∗ = min(µ♯, µ♭).
These formulas are very similar to Perrin-Riou’s, but our methods allow us to interpret µ♯, λ♯,
and µ♭, λ♭ as the µ- and λ-invariants of the Pontryagin duals X ♯ resp. X ♭ of the modified Selmer
groups Sel♯ resp. Sel♭ defined in [Sp1]. Let Q∞,p (resp. Qn,p) be Q∞ (resp. Qn) completed at
(the prime above) p. The reason why we don’t work with the Selmer group Sel(E/Q∞) is that
the local condition coming from all Q∞,p-rational points of E is too weak in the supersingular
case, making its Pontryagin dual not Zp[[Γ]]-torsion. The two modified Selmer groups each have
a stronger local condition E♯/♭∞ at p, which intuitively can be thought of as half-Q∞,p-rational
points of E:
Sel♯p(E/Q∞) := ker
(
H1(Q∞, E[p
∞])→ H1(Q∞,p, E[p∞])/E♯∞,p
)
.
E♯∞,p is the exact annihilator with respect to the Tate pairing of the kernel of a map Col
♯ :
H1(Q∞,p, T )→ Zp[[Γ]]. This Col♯ and its companion Col♭ each encode half the information of the
local points as they together know the geometry of E(Q∞,p)⊗Qp/Zp: They respect the interplay of
pairs of generators (constructed by Kobayashi) for the local points E(Qn,p) as Galois modules for
varying n. When X ♯/♭ is not Zp[[Γ]]-torsion, we put µ♯/♭ :=∞. Conjecturally, this never happens
and we know it happens for at most one of the ♯, ♭ ([Sp1, Theorem 7.14]). Kobayashi has proved
this theorem for the case ap = 0 in [Ko03], where ♯ = −, ♭ = +.
When ap 6= 0, the Šafarevič-Tate group grows using the smaller one of the two invariants µ♯/♭
if they are indeed different. We call this phenomenon modesty.
From BSD considerations, one should have an analogous formula on the analytic side, which
is a result of a twin paper to this one (concerning modular forms of weight two). When p is
supersingular, there are two integral p-adic L-functions with Iwasawa invariants µ♯an, µ♭an, λ
♯
an, λ♭an
(see [Po03]1 for ap = 0 and the twin paper [Sp2] for any p|ap). Further, we have for n≫ 0
ordp(shan)− ordp(shan−1) =
{
(pn − pn−1)µ♯an + λ♯an − r∞ + q♯n if n is even
(pn − pn−1)µ♭an + λ♭an − r∞ + q♭n if n is odd
when ap = 0 or µ
♯
an = µ♭an, and
ordp(shan)− ordp(shan−1) = (pn − pn−1)µ∗an + λ∗an − r∞ + q∗n,
where ∗ ∈ {♯, ♭} is chosen so that µ∗an = min(µ♯an, µ♭an) when ap 6= 0 and µan♯ 6= µan♭ .
Pollack proved this formula when ap = 0 in [Po03]. For general p|ap, see [Sp2]. When the p-
adic representation Gal(Q/Q)→ GL
Zp(T ) on the automorphism group of the p-adic Tate module
T is surjective, we know half the Iwasawa Main Conjecture (see [Sp1, Theorem 1.4] for a precise
statement). This means that half of the p-part of BSDpN for some large N implies half of the
p-part of BSDpn for all n > N .
1In Pollack’s notation, we have ♯ = +, ♭ = −. Note the sign switch with Kobayashi’s notation!
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One of Mazur’s tools for proving his formula for en − en−1 in the ordinary case was a the-
orem (ĄgControl Theorem") concerning the Galois theoretic behavior of Selmer groups. While
Kobayashi proved a supersingular analogue of this, he needed a different method to prove his
formula for en− en−1: He decomposed E(Qn,p) into two parts E+(Qn,p) and E−(Qn,p) (with con-
stant small overlap), and used this decomposition to prove nice properties of the images of two
maps Col+n and Col
−
n (“Coleman maps") to obtain the two terms responsible for en − en−1. In
this paper, we present a more genuine “Coleman map method" to be able to treat the general
supersingular case. The idea is to expand and generalize Kobayashi’s treatment so well that we
arrive at the nice properties without having to decompoe E(Qn,p) into two parts (which seems
difficult for ap 6= 0).
Organization of Paper. In Section 2, we review the Iwasawa theory for elliptic curves at
supersingular primes as presented in [Sp1]. In particular, we explain how the Coleman maps Coln
come about and give rise to the two modified Selmer groups Sel♯ and Sel♭. In Section 3, we explain
the main ideas on how to derive our result from the theory presented in Section 2, assuming the
most important proposition (the Modesty Proposition 3.10) in this paper. It is this proposition
that explains why the Šafarevič-Tate Group is so modest (i.e. chooses the smaller µ-invariant)
when growing in our tower of number fields. Its proof constitutes Section 4, which forms the
technical heart of the paper and contains the most important new ideas. One idea is that of
valuation matrices, introduced in Definition 4.4, which allows us to estimate p-adic valuations
of special values of appropriate functions. The other is a description of the cokernel of the map
Coln, obtained in Proposition 4.7, that ultimately allows us to use the estimates obtained from
valuation matrices to describe the growth of the Šafarevič-Tate Group. In the last section, we
explain the formulas of Perrin-Riou in terms of our Iwasawa invariants in the case of her setting.
A related question to this paper is the case of anticyclotomic extensions. Çiperiani has proved
in [Çip09] that the p-primary part of the Šafarevič-Tate in the full anticyclotomic extension has
corank zero as an Iwasawa module under certain assumptions that in particular force ap = 0.
Another question is how to generalize to modular forms of higher weight: Lei, Loeffler, and
Zerbes [LLZ10] have constructed Coleman maps in this context, using the theory of Wach mod-
ules, and working with Zp[[Γ]] ⊗ Q. They construct Selmer groups that depend on the basis of
their Wach module (which in particular may make their Iwasawa invariants depend on the chosen
basis as well). An explicit version of their work, hopefully independent of any bases, should thus
lead to nice generalizations of the results of this paper.
2. The Coleman Maps
We first fix some notation. Let n ∈ N be an integer, I the two-by-two identity matrix, and
Φn(X) =
p−1∑
t=0
Xp
n−1t the pn-th cyclotomic polynomial, which is the irreducible polynomial for any
primitive pn-th root of unity ζpn . Put kn = Qp(ζpn+1), and let Gn = Gal(Q(ζpn+1)/Q) ∼= Gal(kn/Q).
We then have the decomposition Gn ∼= (Z/pn+1Z)× ∼= ∆ × Γn, where ∆ ∼= Z/(p − 1)Z since p
is odd, and Γn ∼= Z/pnZ. Taking inverse limits, put G∞ = lim←−
n
Gn ∼= ∆ × Γ, where Γ ∼= Zp.
Now fix a topological generator γ of Γ. By sending γ to (1 +X), we can identify Λ = Zp[[G∞]]
with Zp[∆][[X]]. Denoting the image of γ under the projection G∞ → Gn by γn, we can similarly
identify Λn = Zp[Gn] with Zp[∆][[X]]/(ωn(X)), where ωn(X) = (1+X)pn−1. See [Wa80, Chapter
Seven]. We write T for the p-adic Tate module, and V = T ⊗ Qp. We denote the tower of global
4
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fields by capital letters: Kn := Q(ζpn+1), and K∞ :=
⋃
nKn.
Let mn be the maximal ideal of Zp[ζpn+1 ]. Regard the (formal) group Ê(mn) as a subgroup of
H1(kn, T ) by the Kummer map. The cup product then gives us a pairing
( , )n : Ê(mn)×H1(kn, T )→ H2(kn,Zp(1)) ∼= Zp.
For xn ∈ Ê(mn), we now define a Galois equivariant morphism
Pxn : H
1(kn, T )→ Zp[Gn] by z 7→
∑
σ∈Gn
(xσn, z)nσ.
Theorem 2.1 (Kobayashi [Ko03], Section 8.4). There are two generators δ1n and δ
0
n for Ê(mn)
as a Zp[Gn]-module.
Kobayashi named these elements cn and cn−1 ([Sp1, Section 2] explains our notation).
Definition 2.2. Put A :=
(
ap 1
−1 0
)
, Ci :=
(
ap 1
−Φi(1 +X) 0
)
, Hn := −C1 · · · CnA−1 for
n > 0 and H0 := −A−1. We denote right-multiplication with the matrix Hn by hn.
Theorem 2.3. [Sp1, Proposition 5.3] There is a well-defined map Coln : H1(kn, T ) → Ln :=
Λn⊕Λn
ker hn
so that
H1(kn, T )
P
δ1n
,P
δ0n
%%Coln
// Ln

 hn
// Λn ⊕ Λn commutes.
Theorem 2.4. [Sp1, Corollary 5.6, Limit Proposition 5.7, Definition 7.1] The maps (Coln)n
form an inverse system with respect to the corestriction maps H1(kn+1, T )→ H1(kn, T ) and are
compatible with the projection maps Ln+1 → Ln. In the inverse limit, we have lim←−n Ln ∼= Λ⊕Λ,
so there is a splitting lim←−nColn =: (Col♯,Col♭).
Definition 2.5. Let pn be the place in Kn and p the place in K∞ above p and let E
♯
∞,p (resp.
E♭∞,p) be the exact annihilator of ker Col
♯ (resp. kerCol♭) under the local Tate pairing
lim←−
n
H1(Kn,pn , T )× lim−→
n
H1(Kn,pn , V/T )→ Qp/Zp.
Definition 2.6. We define X ∗(E/K∞) = Hom(Sel∗(E/K∞),Qp/Zp) for ∗ ∈ {♯, ♭}, where
Sel♯(E/K∞) := ker
(
Sel(E/K∞) −→ E(K∞,p)⊗ Qp/Zp
E♯∞,p
)
, and
Sel♭(E/K∞) := ker
(
Sel(E/K∞) −→ E(K∞,p)⊗ Qp/Zp
E♭∞,p
)
.
Theorem 2.7. ([Ko03] for ap = 0, [Sp1] for general ap) X ∗(E/K∞) is Λ-cotorsion for at least
one of ∗ ∈ {♯, ♭} when ap 6= 0. When ap = 0, they both are.
Conjecture 2.8. ([Sp1, Conjecture 7.15]) X ∗(E/K∞) are both Λ-cotorsion for ∗ ∈ {♯, ♭}.
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Definition 2.9. Let η : ∆ → Z×p be a character. For a Zp[∆]-module M , let Mη be the η-
component of M , i.e.
Mη = εηM, where εη =
1
#∆
∑
τ∈∆
η−1(τ)τ.
Definition 2.10. Let ∗ ∈ {♯, ♭}. If X ∗(E/K∞)η is not finitely generated Zp[[X]]-torsion, we
define µη∗ := ∞. If X ∗(E/K∞)η is finitely generated Zp[[X]]-torsion, then we define µη∗ as its
Iwasawa µ-invariant. In this case, we similarly define λη∗ as its Iwasawa λ-invariant.
It is these Iwasawa invariants that we will now use to estimate the growth of the Šafarevič-Tate
groups in our towers of number fields.
Remark 2.11. In [Sp1], hn is called h1n. Also, from the viewpoint of functional equations, it is more
correct to look at completed versions of Hn: Ĥn := −Ĉ1 · · · ĈnA−1, where Ĉi is Ci with the lower
left entry − ̂Φi(1 +X) = −Φi(1 + X)(1 +X)
−1
2
pi−1(p−1). These matrices give rise to completed
maps Ĉoln, Ĉol♯, and Ĉol♭, and Selmer group duals X̂♯ and X̂♭, and to a (completed) formulation
of the supersingular Iwasawa main conjecture as in [Sp1], but the µ− and λ−invariants of (the
isotypical components of) X̂∗ and X∗ are the same for ∗ ∈ {♯, ♭}, since Ĥn and Hn have the same
valuation matrices (defined in Definition 4.4).
3. The Main Ideas
3.1 The Selmer group makes the Šafarevič-Tate group grow
To get a handle on the Šafarevič-Tate group, we use the following well-known exact sequence:
0→ E(Kn)⊗ Qp/Zp → Selp(E/Kn)→X(E/Kn)[p∞]→ 0
Here, Selp(E/K) and X(E/K)[p∞] denote the p-primary components of the Selmer group and
the Šafarevič-Tate group over a number field K. We should thus be analyzing the Selmer group,
for which we need the following convention:
Definition 3.1. Let M = (Mn)n=1,2,.. be an inverse system of finitely generated Zp-modules
with transition maps πn : Mn → Mn−1. When πn has finite kernel and cokernel, we let the n-th
Kobayashi rank ∇nM be
∇nM := length
Zp
(ker πn)− length
Zp
(coker πn) + dimQp Mn−1 ⊗ Qp.
Definition 3.2. If M is a finitely generated torsion Zp[[X]]-module, we define the n-th charac-
teristic rank as
ΥnM := (p
n − pn−1)ordpfM(ζpn − 1),
where fM is a characteristic polynomial of M .
Remark 3.3. Let M be a finitely generated torsion Zp[[X]]-module. Then for large n, the n-th
characteristic rank ΥnM equals the n-th Kobayashi rank of the inverse system
(
M ⊗ Zp[[X]]ωn(X)
)
n
with the projection maps.
Proof. This is Lemma 10.5 i in [Ko03].
Now put
pe
η
n := #X(E/Kn)
η[p∞].
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Consider the inductive system (Sel(E/Kn)η)n. Taking its Pontryagin dual, we obtain a pro-
jective system X η := (X (E/Kn)η)n. Now it is known that for sufficiently large n, the rank of
the Mordell-Weil group E(Kn) stabilizes to some r
η
∞ = rk
ZpE(K∞)
η (e.g. [Ka04]), so by the
well-known exact sequence from above, we have
eηn − eηn−1 = lengthZp (X(E/Kn)η/X(E/Kn−1)η) = ∇nX η − rη∞. (1)
3.2 The ♯/♭ - Selmer groups make the Selmer group grow
From now on, we will also need a global object.
Definition 3.4. Recall that Kn = Q(ζpn+1). We let K−1 = Q. Denoting by j the natural
morphism Spec Kn → Spec OKn [1p ], we define H1(T ) := lim←−
n
Hq(Spec OKn [
1
p ], j∗T ), where
Hq(Spec OKn [
1
p ], j∗T ) is the q-th étale cohomology group.
We would like to estimate ∇nX η, for which we consider the Kobayashi ranks of the following
inverse systems:
Definition 3.5. Xloc(E/Kn) := coker (H1(T )Γn → H1(kn, T )/E(kn) ⊗ Zp), where the map is
the quotient of the localization map. We consider the projective system
Xloc := (Xloc(E/Kn))n
Definition 3.6. The fine Selmer group is the following kernel:
Sel0(E/Kn) := ker
(
H1(Kn, E[p
∞])→
∏
v
H1(Kn,v, E[p
∞])
)
We denote the inverse system lim←−nHom(Sel0(E/Kn),Qp/Zp) by X0.
Proposition 3.7. (Kobayashi [Ko03]) For large n,∇nX η = ∇nX ηloc +∇nX η0 .
Proof. This follows from the exact sequence [Ko03, (10.35)] and the additivity of Kobayshi ranks
([Ko03, Lemma 10.4 i]) in them. For his notation, note that Xloc(E/Kn) is Y ′(E/Kn), and cf.
[Ko03, Lemma 10.6]. QED
We won’t compute either of the Kobayashi ranks, but decompose this sum into more, difficult
summands, which together yield an easy sum.
Definition 3.8. Let [ab ] be the greatest integer not greater than
a
b .
q♯n :=
[
pn
p+ 1
]
= pn−1 − pn−2 + pn−3 − pn−4 + · · ·+ p2 − p if n is odd.
q♭n :=
[
pn
p+ 1
]
= pn−1 − pn−2 + pn−3 − pn−4 + · · ·+ p− 1 if n is even.
We also define q♯n := q
♯
n+1 for even n, and q
♭
n := q
♭
n+1 for odd n.
Algorithm 3.9 (Modesty Algorithm). Let n be a given integer. For a character η : ∆ → Z×p ,
we choose an element ∗ ∈ {♯, ♭} as follows: Let e be a basis of the rank one Λ-module H1(T ). We
regard e as an element of H1Iw(T ) = lim←−nH
1(kn, T ) by the localization map. Denote by µ(Col
η
♯ )
the µ-invariant of Colη♯ (e) if Col
η
♯ (e) 6= 0, and we let µ(Colη♯ ) := ∞ if Colη♯ (e) = 0. We define
µ(Colη♭ ) analogously. Now:
7
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– If ap = 0 or µ(Col
η
♯ ) = µ(Col
η
♭ ), then ∗ :=
{
♯ if n is odd,
♭ if n is even.
– If ap 6= 0 and
{
µ(Colη♯ ) < µ(Col
η
♭ ), then ∗ := ♯,
µ(Colη♯ ) > µ(Col
η
♭ ), then ∗ := ♭.
Proposition 3.10 (Modesty Proposition). Given a character η : ∆ → Z×p and n ∈ N, pick ∗
according to the Modesty Algorithm 3.9. Let e be as above. Then for large n,
∇nX ηloc = q∗n +Υn(Λ/Col∗(e))η .
Proof. We will devote the next section to the proof. QED
Proposition 3.11. Given η : ∆ → Z×p and n ∈ N, pick ∗ according to the Modesty Algorithm
3.9 and let e be as above. Then
ΥnX η∗ =
{
Υn(Λ/Col∗(e))
η +ΥnX η0 if η is trivial or ap 6= 0,
Υn(Λ/Col∗(e))
η +ΥnX η0 − 1 if η is nontrivial and ap = 0.
Proof. Note that we have chosen ∗ so that X η∗ is a finitely generated torsion Zp[[X]]-module.
From the exact sequences [Sp1, in Proposition 7.19], [Ko03, Proposition 10.6 ii], and the fact
([Sp1, Proposition 7.6]) that ImColη♯ = J
η , where J = (ap + apX +
ap
p X
2,X) ⊂ Λ for η 6= 1,
CharX η♭ = Col
η
♭ (e)CharX
η
0 ,
CharX η♯ =
{
Colη♯ (e)
X CharX η0 if η 6= 1 and ap = 0,
Colη♯ (e)CharX η0 if η = 1 or ap 6= 0.
QED
Corollary 3.12. Given η : ∆ → Z×p and n ∈ N, pick ∗ according to the Modesty Algorithm
3.9. Then for large n,
∇nX η =
{
q∗n +ΥnX η∗ if ap 6= 0 or η = 1,
q∗n +ΥnX η∗ + 1 if ap = 0 and η 6= 1.
Proof. This follows from Proposition 3.7, Proposition 3.11, the Modesty Proposition 3.10, and
[Ko03, Proposition 10.6 ii], which says that for large n, ∇nX η0 = ΥnX η0 . QED
3.3 The ♯/♭ - Selmer groups thus make the Šafarevič-Tate group grow: Main Theorem
Note that in the Modesty Algorithm 3.9, we always choose ∗ so that X η∗ is a finitely generated
torsion Zp[[X]]-module. We have ∇nX η∗ = µη∗(pn − pn−1) + λη∗ for large n by [Ko03, Proposition
10.5.ii], where µη∗ and λ
η
∗ are the Iwasawa invariants of the characteristic polynomial of X η∗ .
By Corollary 3.12 and equation (1) in the proof of Remark 3.3, we obtain our main theorem:
Main Theorem 3.13. Let p be an odd prime of good supersingular reduction. Let η : ∆→ Z×p
be a character. For ∗ ∈ {♯, ♭}, denote by µη∗ and λη∗ the µ− and λ− invariants of X η∗ when X η∗
is finitely generated torsion as a Zp[[X]]-module, and set µ
η
∗ := ∞ if not. We denote by rη∞ the
rank of E(K∞)η. Assume that X(E/Kn)[p∞] are finite for all n, and put e
η
n = ordp(X(E/K
η
n)).
Then for large n, we have:
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– If µη♯ = µ
η
♭ or ap = 0, then
eηn − eηn−1 =
(p
n − pn−1)µη♯ + λη♯ − rη∞ +
{
q♯n if η = 1 or ap 6= 0
q♯n + 1 if η 6= 1 and ap = 0
if n is odd,
(pn − pn−1)µη♭ + λ
η
♭ − r
η
∞ + q♭n if n is even.
– If µη♯ < µ
η
♭
and ap 6= 0, then
eηn − eηn−1 = (pn − pn−1)µη♯ + λη♯ − rη∞ + q♯n.
– If µη♯ > µ
η
♭ and ap 6= 0, then
eηn − eηn−1 = (pn − pn−1)µη♭ + λ
η
♭ − rη∞ + q♭n.
4. Proof of the Modesty Proposition
We now prove the Modesty Proposition 3.10. Subsection 4.1. contains the most important idea,
that of valuation matrices. Given a positive integer n, let Φn = Φn(1 +X) and explicitly write
the elements of Hn from Definition 2.2 as:(
ω♯n Φnω
♯
n−1
ω♭n Φnω
♭
n−1
)
:= Hn
Definition 4.1. Fix a basis e for the rank one Λ-module H1(T ), and denote its image under
the localization map by e as well. Put f♯ := Col♯(e), f♭ := Col♭(e).
Definition 4.2. Choose a unit u ∈ Z×p . We put
M :=Mu :=
Λ
ω♯nf♯ + uω♭nf♭ +Φnω
♯
n−1f♯ + uΦnω
♭
n−1f♭
, and Mu,m :=M ⊗ Λm.
4.1 Valuation matrices
The goal of this subsection is to prove the following proposition, which computes the Kobayashi
ranks of M for large n. (They are independent of u. That is why we dropped the subscript u):
Proposition 4.3. Let η : ∆ → Z×p be a character. Then ∇nMη = q∗n +∇n(Λη/fη∗ ) for large n,
where ∗ is chosen according to the Modesty Algorithm 3.9.
To prove this proposition, we use the following idea.
Definition 4.4. Let A =
(
a b
c d
)
be a matrix with entries in Qp. We call
ordp(A) =
[
ordp(a) ordp(b)
ordp(c) ordp(d)
]
the valuation matrix of A.
Note that we have an unnatural multiplication of valuation matrices:
ordp(A)ordp(A
′) =
[
min(ordp(aa
′), ordp(bc
′)) min(ordp(ab
′), ordp(bd
′))
min(ordp(a
′c), ordp(c
′d)) min(ordp(b
′c), ordp(dd
′))
]
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Lemma 4.5. Let v := ordp(ap). Then the left column of ordp(Hn(ζpn − 1)) is[
v + p−2 + p−4 + · · · + p2−n
p−1 + p−3 + p−5 + · · ·+ p1−n if n is even,
[
p−1 + p−3 + p−5 + · · ·+ p2−n
v + p−2 + p−4 + · · ·+ p1−n if n is odd.
Proof. Multiply the valuation matrices of the factors of Hn(ζpn−1). Note that ordp(Ci(ζpn−1)) =[
v 0
pi−n ∞
]
for i < n and ordp(Cn(ζpn−1)) =
[
v 0
∞ ∞
]
. Denoting by ? a non-determined but
unimportant value ,
ordp(Hn(ζpn − 1)) =
[
v 0
p1−n ∞
] [
v 0
p2−n ∞
]
· · ·
[
v 0
p−1 ∞
] [
0 ?
∞ ∞
]
.
The lemma follows from the above unnatural multiplication. QED
Proof of Proposition 4.3. Note that
∇nMη = ordζpn−1(ω♯nfη♯ + uω♭nfη♭ )(ζpn − 1) = (pn − pn−1)ordp(ω♯nfη♯ + ω♭nfη♭ )(ζpn − 1).
Now for f ∈ Zp[[X]] with Iwasawa invariants µ and λ, we have (pn − pn−1)ordp(f(ζpn − 1)) =
(pn − pn−1)µ + λ for large n by the p-adic Weierstraß Preparation Theorem. The above lemma
allows us to compute
(pn − pn−1)ordp(fη♯ (ζpn − 1), fη♭ (ζpn − 1))
(
ω♯n(ζpn − 1)
ω♭n(ζpn − 1)
)
for large n, keeping in mind that v = ∞ if ap = 0, and v = 1 if ap 6= 0 and p is supersingular,
because of the Weil bound |ap| < 2√p. Doing the calculations for even and odd n, we thus have
(pn − pn−1)ordp(ω♯nfη♯ + ω♭nfη♭ )(ζpn − 1) = q∗n +∇n(Λη/fη∗ ).
QED
4.2 Looking for a nice Iwasawa module
In this section, we show that the Kobayashi rank of the module X ηloc agrees with the Kobayashi
rank of Mη for large n, thereby finishing the proof.
For the case ap = 0, Kobayashi was able to decompose E(mn) into E±(mn) (up to a constant
overlap E(m−1), cf. [Ko03, Proposition 8.22]), which was at the heart of Kobayashi’s analysis.
This seems to be very hard in the case ap 6= 0 (cf. [Sp1, Open Problem 7.22]). In what follows, we
bypass this decomposition via Proposition 4.7 and generalize Kobayashi’s arguments centering
around the exact sequence between [Ko03, page 33, (10.38)] and [Ko03, page 33, (10.39)] by
considering Zp[∆]-module structures rather than just looking at isotypical components (i.e. Zp-
module structures).
Lemma 4.6. We can describe the cokernel of Col0 explicitly: coker Col0 ∼= Zp[∆].
Proof. We have by [Sp1, Theorem 2.2 (2)]∑
τ∈∆
δ10
τ
= Trk0/Qpδ
1
0 = (ap − 2)δ00 .
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Thus, we have
Pδ00(z) =
∑
τ∈∆
∑
σ∈∆
(δ10
τσ
, z)0σ
ap − 2 =
∑
τ∈∆
∑
σ∈∆
(δ10
ττ−1σ
, z)0τ
−1σ
ap − 2 =
1
ap − 2
∑
τ∈∆
τ−1Pδ10 (z).
We can thus write
Col0 = (−apPδ10 + Pδ00 ,−Pδ10) = ((−ap +
1
ap − 2
∑
τ∈∆
τ−1)Pδ10 ,−Pδ10 ).
We know that −Pδ10 is surjective ([Sp1, Proof of Proposition 7.3]), so the map
(x, y) 7→ x+ ( 1
ap − 2(
∑
τ∈∆
τ−1)− ap)y
induces an isomorphism between Λ0⊕Λ0ImCol0 and Λ0
∼= Zp[∆]. But ker h0 = 0, since h0 is multiplication
by the matrix H0 =
(
0 1
−1 −ap
)
. We thus have indeed coker Col0 ∼= L0 ∼= (Λ0 ⊕ Λ0)/ImCol0.
Proposition 4.7. The following is a short exact sequence:
0→ E(kn)⊗ Zp → H1(kn, T ) Coln−−−→ Ln → Zp[∆]→ 0
Proof. We first prove that ker Coln = E(kn) ⊗ Zp: We know kerColn = kerPn,δ1n ∩ kerPn,δ0n
from Theorem 2.3. Since δ1n and δ
0
n are generators for Ê(mn) as a Λn-module, we thus have for
z ∈ H1(kn, T ): z ∈ H1(kn, T ) ⇐⇒ (x, z)n = 0 for all x ∈ Ê(kn) ⇐⇒ z ∈ E(kn)⊗ Zp, cf. [Ru,
Example 1.8.4].
For the assertion about the cokernel, we reduce to the case n = 0 via Nakayama’s Lemma:
Denote the projection Ln → L0 by π. By compatibility of the Coleman maps (cf. Theorem
2.4), we have ImColn ⊂ π−1ImCol0. In the commutative diagram with exact sequences
H1(kn, T )
Coln
//


π−1ImCol0

// π
−1ImCol0
ImColn
//

0
H1(k0, T )
Col0
// ImCol0 // 0,
we have π−1ImCol0 = ImColn by surjectivity of the first vertical map (see proof of Proposition
7.3 in [Sp1]) and by Nakayama’s Lemma. But π induces an isomorphism
Ln
π−1ImCol0
∼=−→ L0
ImCol0
by construction, so we have indeed reduced the problem to the case n = 0. QED
Definition 4.8. Let XCol = (XCol,n)n be the inverse system under the projection maps, where
XCol,n is the cokernel of the composition
H
1(T )Γn →
H1(kn, T )
E(kn)⊗ Zp
Coln−−−→ Ln.
Corollary 4.9. We have an exact sequence of Λn-modules
0→ Xloc(E/Kn)→ XCol,n → Zp[∆]→ 0.
Proof. This follows from Proposition 4.7. QED
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Corollary 4.10. For any character η : ∆→ Z×p , we have ∇nX ηloc = ∇nX ηCol − 1.
Proof. This follows from the additivity of Kobayashi ranks. See [Ko03, Lemma 10.4.i]. QED
We now look at the following projective systems of Zp-modules:
– Λ = (Λm)m and the projection maps, and
– Λ♮ :=
(
Λm/(ω
♯
n +Φnω
♯
n−1, ω
♭
n +Φnω
♭
n−1)
)
m
and the projection maps.
Proposition 4.11. Let u ∈ Z×p . Looking at the map [+]u ◦ hn : Lm → Λm sending the class of
(a, b) to (a(ω♯n+Φnω
♯
n−1)+ub(ω
♭
n+Φnω
♭
n−1)) with kernel ker([+]u ◦hn)m, we obtain the following
commutative diagram with exact sequences:
0 // ker([+]u ◦ hn)n //
π1

Ln

// Λn //

Λ♮n
//
π4

0
0 // ker([+]u ◦ hn)n−1 // Ln−1 // Λn−1 // Λ♮n−1 // 0
Proof. This follows from the definitions. QED
Lemma 4.12. π1 and π4 are Zp-module isomorphisms.
Proof. We prove that for any character η : ∆→ Z×p , the η-isotypical components εηπ1 and εηπ4
of π1 and π4 are bijective. For εηπ4, surjectivity follows from the surjectivity of Λ
η
n → Ληn−1. As
for injectivity, note that the kernel is any multiple of ωn−1 = ωn−1(X), while
ω♭n−1(ω
♯
n +Φnω
♯
n−1)− ω♯n−1(ω♭n +Φnω♭n−1) = ω♯nω♭n−1 − ω♯n−1ω♭n = ωn−1,
so the kernel is contained in the Ληn-ideal (ω
♯
n +Φnω
♯
n−1, ω
♭
n +Φnω
♭
n−1).
For εηπ1, surjectivity follows from the set-up. For injectivity, we analyze the kernel explicitly.
If (x, y) ∈ ker εηπ1, then we know
ω♯n−1π1(x) + uω
♭
n−1π1(y) ∈ (ωn−1) = 0,
so setting ωn = ωn(X), we have
Φnω
♯
n−1x+ uΦnω
♭
n−1y ∈ (ωn).
But we also know that
(apω
♯
n−1 − Φn−1ω♯n−2 +Φnω♯n−1)x+ u(apω♭n−1 −Φn−1ω♭n−2 +Φnω♭n−1)y ∈ (ωn),
so it follows that
(apω
♯
n−1 − Φn−1ω♯n−2)x+ u(apω♭n−1 −Φn−1ω♭n−2)y ∈ (ωn).
Thus, (x, y) ∈ ker εηhn. QED
Proposition 4.13. Let η : ∆ → Z×p be a character. Then dimQp Qp ⊗ ker([+]u ◦ hn)ηn−1 =
dim
Qp Qp ⊗ εηΛ♮n−1 + 1.
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Proof. Note that Ληn−1 has no p-torsion, and neither does L
η
n−1: Let x, y ∈ Ληn−1 and suppose
the image (x, y) ∈ Lηn−1 has (pmx, pmy) = 0 in Lηn−1. We would then have hn−1(pmx, pmy) = 0
in Ληn−1, and since hn−1 is multiplication by the matrix Hn−1, we would have hn−1(x, y) = 0 in
Ληn−1, whence (x, y) = 0 in L
η
n−1.
Thus, it suffices to show that dim
Fp Fp ⊗ Lηn−1 = dimFp Fp ⊗ Ληn−1 + 1. But
Fp ⊗ Lηn−1 ∼= Fp ⊗
(
Ληn−1/(ω
+
n−1)⊕ Ληn−1/(ω−n−1)
)
, where
ω+n−1 =
∏
26m6n−1,mm even
Φm(1 +X), and ω−n−1 =
∏
m6n−1,m odd
Φm(1 +X).
Now note that
ω+n−1 ≡
∏
m even,16m6n−1
Xp
m−pm−1 mod p and ω−n−1 ≡
∏
m odd,16m6n−1
Xp
m−pm−1 mod p,
so dim
Fp Fp ⊗ Lηn−1 =
∑
16m6n−1 = p
n−1 − 1, while dim
Fp Fp ⊗ Ληn−1 = pn−1. QED
Corollary 4.14. ∇nΛ♮n
η
= ∇n ker([+]u ◦ hn)η − 1.
Proof. This is a consequence of the additivity of Kobayashi ranks [Ko03, Lemma 10.4 i]. QED
Lemma 4.15. There is a unit u ∈ Z×p so that we have ImColi ∩ ker([+]u ◦ hn)i = 0 for any i so
that n > i > 0.
Proof. Since ImColi = π−1i/0(ImCol0), where πi/0 is the projection from Li to L0 (see proof of
Proposition 4.7), this follows once we know it for i = n. But for i = n, note that ker Coln =
ker(Pδ1n , Pδ0n) by Theorem 2.3, so our assertion is equivalent to kerPδ1n+uδ0n = ker(Pδ1n , Puδ0n), i.e.
we would like to prove that there is a unit u so that Pδ1n(z)+Puδ0n(z) = 0 implies Pδ1n(z) = 0 and
Puδ0n(z) = 0. We actually prove that Pδ1n(z) ⊂ (Φj(1 +X)) for any 1 6 j 6 n and Pδ1n(z) ⊂ (X),
which is enough, since ωn(X) = X
∏
16j6nΦj(1 +X).
Choose u so that δ1n + uδ
0
n 6= vδj−nn for any v ∈ Z ∩ Zp. We can do this by letting u ∈ Z×p \Z,
which has infinitely many elements. Thus, we write δ1n+uδ
0
n = aδ
j−n+1
n +bδ
j−n
n with a, b ∈ Zp\{0}.
Now Im bP
δj−nn
= ImP
bδj−nn
⊂ Φj(1 +X)Λn by [Sp1, Lemma 3.6], and since Λn has no p-torsion,
ImP
δj−n+1n
⊂ Φj(1 +X)Λn as well. By induction, Pδ1n(z) ⊂ Φj(1 +X)Λn.
To see that Pδ1n(z) ⊂ XΛn, we have to prove that Pδn+10 (z) = 0. Recall that we are assuming
Pδ1n(z) + Puδ0n(z) = 0, which implies Pδn+10 (z) + Puδ
n
0
(z) = 0. Write δn+10 + uδ
n
0 = aδ
1
0 + bδ
0
0 for
a, b ∈ Zp. Since we have infinitely many units at our disposal, we may assume we have chosen u
so that a 6= 0 6= b and aap−2 6= − bp−1 . But now we have
Pδ00 (z) =
∑
σ∈∆=G0
(δ00
σ
, z)0σ = ε1(p− 1)(δ00 , z)0
by definition, where 1 denotes the trivial character, and further
ε
1
Pδ10 (z) = (ap − 2)ε1(δ
0
0 , z)0.
Since the non-trivial component of bPδ00 (z) vanishes, so does that of aPδ10 (z). Further,
ε
1
(aPδ10 (z) + bPδ00 (z)) = ε1cPδ00 (z) = 0
for some c ∈ Zp\{0} by the choice of u. Thus Pδ10(z) = Pδ00(z) = 0, so that Pδn+10 (z) = 0. QED
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Remark 4.16. By the table in [Sp1, Section 2], u = 1+ap would work, but we stayed away from
that explicit choice because we didn’t want to involve the periodicity of the δin with respect to i.
Proposition 4.17. Let u ∈ Z×p satisfy the conclusions of the above Lemma 4.15. The exact
sequence from Proposition 4.11, together with the projection maps, induces the following com-
mutative diagram with exact sequences of Zp[∆]-modules.
0 // ker([+]u ◦ hn)n //
π1

XCol,n

//Mn,u //

Λ♮n
//
π4

0
0 // ker([+]u ◦ hn)n−1 // XCol,n−1 //Mn−1,u // Λ♮n−1 // 0
Proof. Commutativity follows from the set-up, and well-definedness from the above Lemma 4.15.
The bijectivities follow from calculations with determinants. QED
Corollary 4.18. ∇nX ηCol = ∇nMη + 1.
Proof. This is a consequence of the additivity of Kobayashi ranks [Ko03, Lemma 10.4 i]. QED
Corollary 4.19. ∇nX ηloc = ∇nMη.
Proof. Apply Corollary 4.10. QED
The Modesty Proposition follows from this last corollary, Proposition 4.3, and Remark 3.3.
5. Relation to the work of Perrin-Riou
Our Main Theorem 3.13 generalizes and explains the works of Nasybullin and Perrin-Riou. Nasy-
bullin [Na77] announced similar formulas almost four decades ago, some even in a more general
context. He used unspecified pairs of integers and suggestively denoted them by µ and λ, but it
seems he gave no proofs. A translation of this article in Russian is available upon request.
About a decade ago, Perrin-Riou [PR03] found similar formulas for the p-primary part of X
along the cyclotomic Zp-extension of Q by building on the work of Kurihara [Ku02]. She con-
structed her pairs of µ and λ-invariants as limits of certain invariants of sequences of polynomials.
Theorem 5.1 (Perrin-Riou [PR03], Théorème 6.1 (1),(4)). 2 Let s be the rank of E(Q∞) and p
be a supersingular prime of good reduction and suppose X(E/Qn) is finite for all n. Then there
are integers µ′+, µ
′
−, λ
′
+, λ
′
− and a rational ν so that [if ap = 0 or we knew a priori that µ
′
+ = µ
′
−],
ordp#X(E/Qn) =
p2[
n
2
]+1
p+ 1
µ′++
p2[
n+1
2
]+1
p+ 1
µ′−+
[
p
p2 − 1p
n
]
+(λ′+−s)
[n
2
]
+(λ′−−s)
[
n+ 1
2
]
+ν.
Her integers come from the invariants in the first case of our Main Theorem 3.13 with η = 1:
µ′+ = µ
η
♯ , µ
′
− = µ
η
♭ , λ
′
+ = λ
η
♯ , λ
′
− = λ
η
♭ − 1.3
2We have corrected some typos, e.g. we have reinserted a necessary condition in brackets. Note that Kn = Qn in
her statement, following Kurihara’s notation in [Ku02].
3The discrepancy between λ′− and λ
η
♭
comes about because
[
p
p2−1
pn
]
−
[
p
p2−1
pn−1
]
is equal to q♯n+1 =
[
pn
p+1
]
+1
for odd n, while it matches q♭n =
[
pn
p+1
]
for even n.
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One remarkable calculation [PR03, Proposition 5.2] essentially gives her formula when ap = 0
or µ′+ = µ
′
−. This condition is necessary for her above theorem, but she mentions the existence
of a similar formula when ap 6= 0 and µ′+ 6= µ′−. In this case, the Iwasawa-theoretic meaning is
different: Both pairs of invariants come from the characteristic ideal with the smaller µ-invariant.
We sketch for the interested reader how to treat this case using her methods. Assume µ′+ < µ
′
−
with ap 6= 0. By the arguments of her proof of lemme 5.4 (cas 3, pg. 167), we have µ− = µ+ + 1,
and by lemme 5.4, only λ+ plays a role when modifying the methods on pg. 168. The term(
µǫ(j) +
p
p2−1 +
λǫ(j)
pj−1(p−1)
)
becomes in our case(
µ+ +
p
p2 − 1 +
λ+
pj−1(p− 1)
)
or
(
µ− +
1
p2 − 1 +
λ+
pj−1(p− 1)
)
=
(
µ+ +
p2
p2 − 1 +
λ+
pj−1(p− 1)
)
depending on the parity of j, and thus depends only on µ+ and λ+ in any case - but without a
tandem Iwasawa theory at hand, it might seem as if the growth of the Šafarevič-Tate group were
controlled by two pairs of invariants that happen to be the same.
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